We demonstrate that an annulus of light whose polarization is linear at each point, but the plane of polarization gradually rotates by π radians can be used to generate Bessel-Poincaré beams. In any transverse plane this beam exhibits concentric rings of polarization singularities in the form of L-lines, where the polarization is purely linear. Although the Llines are invisible in terms of light intensity variations, we present a simple way to visualize them as dark rings around a sharp peak of intensity in the beam center. To do this we use a segmented polarizer whose transmission axes are oriented differently in each segment. The radius of the first L-line is always smaller than the radius of the central disk of the zero-order Bessel beam that would be produced if the annulus were homogeneously polarized and had no phase circulation along it.
Introduction
In normalized coordinates, the transverse extent of the central disk of the zero-order Bessel beam (J 0 -beam) represents the "practical" far-field limit of spatial light confinement in terms of beating the classical diffraction limit and simultaneously preserving an acceptable ratio of the central peak intensity to the intensity of the secondary maxima [1, 2] .
A non-diverging J 0 -beam can be produced after a positive lens if a very thin annulus of light is formed in its front focal plane [3] . With a low numerical aperture (NA) lens a J 0 -beam is generated provided that two conditions are satisfied: i) the integral of the phase of the electric field along the annulus is zero and ii) the polarization distribution along the annulus is homogeneous.
If a high NA lens is used instead, the resulting transverse intensity distribution is no longer described by a J 0 2 function [4, 5] unless i) the NA is equal to one (for experiments performed in vacuum) and ii) the annulus is radially polarized [6] . For all other possible annuli of light, the central intensity peak of the corresponding beam will only be broader than that of the canonical J 0 -beam.
Here, we show that while the central disk of the J 0 -beam represents, in the above context, the smallest light spot as far as the transverse intensity distribution is concerned, one can place an arbitrarily small L-type polarization singularity inside it. L-type polarization singularities occur where the handedness of the polarization ellipse is undefined and the polarization on them is purely linear [7] . Specifically, we create a sharp annulus of light inside which the plane of the electric field oscillations rotates by π radians as an observation point completes a full circle along the annulus. Using such an annulus we produce a nondiffracting vector beam containing an infinite number of L-type polarization singularities and demonstrate that the radius of the first L-line is always smaller than the radius of the central disk of the J 0 -beam that one would obtain if the annulus were homogeneously polarized and had no phase circulation along it. We reveal the presence of L-lines in the beam cross-section by means of a segmented polarizer with multiple transmission axes. Despite the extensive literature on Bessel beams and different superpositions thereof [3, [8] [9] [10] [11] [12] [13] , this case has not been analyzed until now.
Theory
We first consider the situation when a thin annular aperture is uniformly illuminated with a circularly polarized light beam. Generally, the illuminating beam may have a phase singularity along its axis [7] . In this case, integrating the phase of the light field around a path enclosing the axial singularity yields 2πl, where l denotes the orbital number. We assume that 0; 1; 2... l = ± ± . If the annular aperture is placed in the front focal plane of a lens, each point along the aperture produces a plane wave after the lens. The whole aperture then generates a set of interfering planes whose wave vectors k lie on the surface of a cone with apex angle θ .
The interference results in the formation of a Bessel beam [3] whose electric field E can be written as:
where E 0 is the amplitude of the electric field, where e ρ (e φ ) is the unit vector in the radial (azimuthal) direction, ρ is the radial distance and φ is the azimuthal angle in cylindrical coordinates, 
where E n is the amplitude of the n-th beam and l n (σ n ) is its orbital (spin) number. It is worth mentioning that the resulting beam described by Eq. (2) can be either homogeneously or inhomogeneously polarized, depending on l and σ. Below, we will focus only on two-beam superpositions (m = 2) constructed according to Eq. (2). If 1 2 1 σ σ = , the resulting beam is always circularly polarized and therefore belongs to the set of homogeneously polarized beams, which are not the subject of our study. On the other hand, if 1 E E E = = ) Bessel beams with l 1 = −l 2 we produce a subset of vector non-diffracting beams whose polarization is linear locally, but the orientation of the plane in which E oscillates varies in the transverse plane of observation according to:
When 1 lσ = − , the set given by Eq. (3) encompasses spirally polarized Bessel beams for all the values of φ 0 , except 0 0, , 2 ϕ π π = ± ± , when the beams are radially polarized [12, 13] , and 0 / 2; 3 / 2; 3 / 2 ϕ π π π = ± ± ± , when the Bessel beams become azimuthally polarized. Bessel beams having the polarization distribution similar to that of the so-called "antivortex" Laguerre-Gauss beam [14] are obtained when 1 lσ = and 0 ϕ is arbitrary. We also note that the numbers l and σ in Eq. (3) do not imply any longer that the generated vector beam is either circularly polarized or carries orbital angular momentum. A much richer variety of polarization patterns can be produced when the constituting Bessel beams in Eq. (2) ( )
( )
By inserting a half-wave plate into the beam given by Eq. (4a) one transforms it to the beam given by Eq. (4b). The effect of the half-wave plate is to mirror the electric field vector at each point of the beam cross section through the plane formed by the half-wave plate's fast axis and the beam propagation direction z. Hence, the half-wave plate i) inverts the handedness of the polarization ellipse and also ii) rotates the polarization ellipse at each point through twice the angle between its semi-major axis and the half-wave plate's fast axis.
Other superpositions with φ 0 = 0 that result in vector beams can be constructed when iii) l 1 = 0, σ 1 = −1; l 2 = −1, σ 2 = 1 or iv) l 1 = 0, σ 1 = 1; l 2 = −1, σ 2 = −1, with the pertinent electric fields being given by:
( ) However, it is sufficient to study only the properties of the beams described by Eqs. (4), as the pair (E 11 , E 12 ) can be transformed to the pair (E 21 , E 22 ) using the operation ; l l
The beams given by Eqs. (4a) and (4b) contain polarization singularities in the form of Clines at their axes and an infinite number of coaxial L-surfaces. By definition, C-lines are located where the orientation of the polarization ellipse is undefined, whereas L-surfaces are located where the handedness of the polarization ellipse is undefined [7] . The polarization is purely circular along C-lines and purely linear on L-surfaces. C-lines and L-surfaces are intersected by any transverse plane of observation at C-points and along L-lines, respectively. The near-axis electric field of the beams described by Eq. (4a) and Eq. (4b) is shown in Fig.  1(a) and Fig. 1(b) , respectively. At any fixed moment of time, the plane of the electric field oscillations rotates by π radians as an observation point completes a full circle along the Llines. In this point the phase of the electric field has a jump discontinuity of π radians. This phase singularity moves along each of the L-lines in time and completes a full circle during a half period of the light wave [dark circles in the bottom panels of Fig. 1 ]. Although the amplitude of the electric field is equal to zero in the point of phase singularity, the intensity averaged over a half period of the light wave has a nonzero value.
Detailed polarization maps of the central regions of the beams described by Eqs. (4a) and (4b) are presented in Fig. 2 . From Fig. 2(a) one can see that at ρ = 0 the beam given by Eq. (4a) has a "lemon" C-point [7] in which the polarization is right circular (σ 1 = 1). As ρ increases, the polarization at any fixed value of the angular coordinate φ changes to right elliptical and then to purely linear on the first L-line. As one continues moving past the first L-line along the radial direction, the polarization progressively evolves into left elliptical, left circular, right elliptical, and linear, where the second L-line is located. At any fixed φ, the linear polarizations on odd (i.e., 1st, 3rd, 5th etc) and even (i.e., 2nd, 4th etc) L-lines are orthogonal. Figure 2(b) demonstrates that the beam given by Eq. (4b) contains a "star" C-point [7] in its center. In this case, the polarization in the C-point is left circular (σ 1 = −1). The polarization along the radial direction in the beam given by Eq. (4b) follows exactly the same sequence of transformations as in the beam given by Eq. (4a) if we disregard the fact that now we start with left circular polarization instead of right circular.
The radial coordinates of the L-lines in both the beam given by Eq. (4a) and Eq. (4b) can be found from the equation Superpositions of Laguerre-Gauss beams that possess similar properties are named Poincaré beams due to the fact that their polarization states cover the entire surface of the Poincaré sphere [15] [16] [17] . Following the established terminology, we will call the beams described by Eqs. (4) and (5) "Bessel-Poincaré beams." In contrast to Laguerre-GaussPoincaré beams, any transverse plane passing through Bessel-Poincaré beams contains an infinite number of concentric rings of L-lines.
Experiment
An elegant way to synthesize the light fields described by Eqs. (4) is based on the phenomenon of conical diffraction [18] [19] [20] . A schematic of the beam synthesizer is shown in Fig. 3(a) . A Gaussian beam with a vacuum wavelength of λ = 632.8 nm is first made circularly polarized using a polarizer (P1) followed by a quarter-wave plate (QWP1). It is then focused with a microscope objective (O1) onto a biaxial crystal (BC) along one of its optic axes. Both the entrance and exit face of the crystal are cut perpendicular to this axis. The waist of the incident beam is positioned behind the crystal. Under our experimental conditions [see captions to Fig. 3 ], a well defined optical bottle [not shown in Fig. 3 ] is formed in the beam waist region [21] . In the transverse observation plane drawn through the middle of the bottle one would see that the bottle wall is comprised of two closely spaced annuli of light separated by a zero-intensity region (i.e., the Poggendorff ring) [21] [22] [23] . The measured radius of the outer annulus is ~49 μm while its width at the 1/e 2 intensity level is ~2.5 μm. The intensity maxima of the annuli are separated by ~2.5 μm along the radial coordinate ρ. The polarization inside each of the annuli is linear and depends only on the azimuthal coordinate φ [18, 22, 23] . Specifically, the plane of polarization, i.e., the plane of the electric field oscillations, rotates by π radians as an observation point completes a full circle along the annuli [ Fig. 3(a) ], which means that for all diametrically opposite points on the annuli the linear polarizations are orthogonal. The inner and outer annuli have opposite phase [23] .
Another microscope objective (O2) is used to form an approximately ten times magnified image of the two annuli in the image plane IP, which coincides with the front focal plane of a positive lens (L). The diffraction patterns from the outer and inner annuli are separated by a dark ring as they propagate from IP to L, as shown in Fig. 3(b) . Right before L, the diffraction pattern from the outer annulus is blocked using a stop (S). The radius of the circular opening in the stop S is equal to the radius of the dark ring that separates the diffraction patterns produced by the inner and outer annuli.
The beam after L is a superposition of two equal-power non-diffracting circularly polarized J 0 -and J 1 -beams with the same θ and opposite handednesses, which is nothing else but the Bessel-Poincaré beam given by Eq. (4a) when E 1 = E 2 . This beam is abbreviated with BPB1 in the text further down. Correspondingly, the Bessel-Poincaré beam given by Eq. (4b) when E 1 = E 2 is called BPB2. The handedness of the J 0 -beam always coincides with the handedness of the input circularly polarized beam [24] . To confirm that the BPB1 does consist of a J 0 -and J 1 -beam in orthogonal circular polarizations one may use a quarter-wave plate (QWP2) followed by an analyzing polarizer (P2), as demonstrated in Fig. 3(b) . The fast axis of QWP2 must be orthogonal to the fast axis of the input quarter-wave plate QWP1. To reveal the J 0 -beam (J 1 -beam), the transmission axis of P2 must be oriented parallel (perpendicular) to the transmission axis of the input polarizer P1. Under our experimental conditions, the BPB1 propagates without any noticeable diffraction effects over a distance of ~5 m [ Fig. 3(b) ].
Figures 4(a) and 4(b), which represent simulations, demonstrate how L-lines inside both the BPB1 and BPB2 can be traced using a standard polarizer and fully visualized using a segmented polarizer with multiple differently oriented transmission axes. As it was mentioned earlier, the BPB1 is easily converted into the BPB2 by means of a half-wave plate, as shown in the inset of Fig. 3(b) . The intensity profiles and propagation properties of these two beams are exactly the same. After a standard polarizer, the distinct intensity minimum near each beam's axis represents a point lying on the first L-line. This implies that in order to see full Llines inside these beams one can use specially designed segmented polarizers whose transmission axes rotate in the same manner as the plane of polarization along the corresponding L-lines. The segmented polarizer in either case, however, must be oriented so that the transmission axis of each segment is orthogonal to the local plane of polarization in the L-lines to be visualized. Taking into account that the linear polarizations along the first and second L-line in both the BPB1 and BPB2 are orthogonal, the segmented polarizers shown in Figs. 4(a) and 4(b) allow one to reveal only even or odd L-lines at a time. We also note that while the polarization distributions in the BPB1 and BPB2 are quite different [see Fig. 2(a) and 2(b) ], the radial coordinates of L-lines in these beams are exactly the same. Figure 4 (c) presents the pertinent experimental data. The lens L has been removed from the basic setup shown in Fig. 3(a) and after the stop S we now observe a diverging BPB1. A BPB2 is generated by placing a half-wave plate near IP. Approximately 5 m away from the stop S the central regions of the diverging BPB1 and BPB2 are sufficiently broad (i.e., ~4 mm) to perform measurements using a properly matched segmented polarizer without introducing significant inaccuracies caused by the non-perfect alignment of the segments in its center. The top panel of Fig. 4 (c) demonstrates several intensity distribution patterns obtained by inserting a standard polarizer into the diverging BPB1 and BPB2 under consideration and changing the orientation of its transmission axis. The bottom panel shows that even a 4-segment polarizer allows one to clearly observe L-lines in these beams.
The graph in Fig. 5 (a) quantitatively illustrates the above observations by comparing the intensity profiles of the original BPB1, the BPB1 after the segmented polarizer, and the constituting J 0 -beam. A noteworthy feature of the intensity distribution after the segmented polarizer is that its central disk is ~1.6 times smaller than that of the constituting J 0 -beam, which occurs because this Bessel-Poincaré beam is composed of equal-power J 0 -and J 1 -beams. It is also noteworthy that the produced central disk has a cusp-shaped intensity profile, in contrast with the smooth, bell-shaped profile of the J 0 -beam. As can be seen from the graph, the experimental data agree with the simulations.
On the other hand, Fig , which clearly depicts a sub-diffractive peak surrounded by a dark ring representing the original L-line.
Conclusion
We have presented two types of vector beams produced by weakly focusing an inhomogeneously polarized annulus of light: the polarization is linear at every point along the annulus, but the plane of the linear polarization rotates by π radians as an observation point moves along it. Each of these beams represents a superposition a circularly polarized J 0 -beam and circularly polarized J 1 -beam with the same propagation constants and opposite handednesses. As a consequence, the produced vector beams are non-diffracting. Nominally, the presented vector beams contain an infinite number of concentric L-lines in any transverse cross-sectional plane, which represent an infinite number of mappings of the Poincaré sphere onto the beams' cross sections. Therefore, these beams are Poincaré beams. The radius of the first L-line in each of these beams is always smaller than the radius of the central disk of the constituting J 0 -beam. Despite the fact that the central disk of the J 0 -beam in normalized optical coordinates represents the smallest light spot as far as the intensity distribution is concerned, one can easily place an L-type polarization singularity of an arbitrarily small radius inside it. We have also shown how Bessel-Poincaré beams can be generated using the phenomenon of conical diffraction. This robust, power efficient and easy to implement method allows one to produce high-quality beams by simply using a biaxial crystal sandwiched between two objective lenses. To visualize the L-lines we use a special segmented polarizer whose transmission axis gradually rotates by π radians. In our experiments, the radius of the first L-line contained within the Bessel-Poincaré beams is ~1.6 times smaller than the radius of the constituting J 0 -beam.
